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I.7 ABSTRACT

s proposed and analyzed for optically combining the
bearing ormatiocn from & wide-aperiure distribution of narrow-aperture
Watson-Watt dual-chapnel direction finders in such a way as to use the
envelope of a series of #llipses to resolve the directions of arrival of
t#o or more radio waves having the same frequency.

Photogrephs and diegrams ere given illustrating a laboratory
mode]l of a distribution of seven Watson-Watt systems. Photographs of
the bearing imformation from this system illustrate the effects of
varying system diameter, time phase difference, relative magnitude, and
angular separation with two incoming waves. The photographs are dis-
cussed as to the merits of various bearinjt reading techniques.

It is demonstrated that seven Watson-Watt units, circularly
distributed and connected so as to have optically superimposed beering
irdications, car form a system capable of completely resolving the
directions of arrival of two signals under a majority of conditions. It
1s further shown that with a sufficient number of Watson-Watt units, the
directions of arrival of more than two incoming signals can be reduced.
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1i. INTRODUCTION

program at the University of Illinois has been the investigation of
wide -aperture radio directien finding systems which have potentialities
toward overcoming the bearing errcrs caused by wave interference effects
resulting from the presence of several rather than one arriving wave.

One of the most promising general techniques for synthesizing
wide -aperture syatoms lies in the combination of bearing information
from a limited space distributicn of narrow-aperture systems. Practical
considerations suggest that wide-aperture systems using existing radio
direction finders be thoroughly investigated. The space distribution
must be wide aperture in the sense of being distributed over several
wavelengths, yet limited to the extent that each system must give the
same bearing under ideal conditions (es opposed to wide base systems
used to obtain a bearing fix.) The letters WADONAS will be used to
designate such a Wide-Aperture Distributiorn Of Narrow-Apertuie Systems
in this report.

There are, at least, two general techniques for utilizing the
bearing information from a WADONAS. The first technique is combining
the bearing information electrically in such a way that the combined
signal (or signals) 1s capsble of giving a sort of average besring on an
indicator. Several possible techniques for accomplishing this combina-
tion and bearing presentation are discussed in Technical Report No. 9 of
of this project, Section V c.

The second combinstion technique 1s an optical combination or
superposition. The bearings of the individuel direction finders are
superimposed (optically) in such a way as to obtain a better degree of
bearing resoclution than any single svetem would normally cffer. Selec-
ting the strongest bearing or ar “zye average” of the strongest bearings
(in effect a diversity technique) is cne method of optical “combination’.
A more refined technique 1s to use the enveiope of the bearing presenta.-
tions and this is the schemz with which this report is concerned.

The individual) systems making up the WADONAS are dual-channel
cathode-ray or Watson-Watt syscems. Since these systems are instan-
taneous in their operation, the WADONAS is alsoc. Hence, such a WADONAS
is 1deally suited for direction finding on flash (‘squash’) transmis
sions. In order to better explein ihe principles underlying the use of
the combination technique explained in Section V, the basic principies
and equations underlying the operating of a single Watson-Wait direction
finder are reviewed in Section IV.

Since in multipaih sky-wave transmission the incuming signals
will be arriving from nearly the same horizontal angle, much of the data
in this report was obtained for the conditions of 5° and 10° azimuthal
separation betweer signals which are important practicel cases.

SO
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TII. LIST OF SYMBOLS

relative magnitude of the weaker of two incoming signals
compared te the SLronger.

-

time phase difference between two interfering signals at
the center of a ccmposite system.

time phase difference betwesn two interfering signals at the
center of the nth Watson-Watt direction finder making up a
distribuied system.

angle of arrival of the stromgest wave measured counter-
clockwise from the x axis.

angle of arrival of an interfering signal measured count-
er-clockwise from che direction of arrival of the desired
signal.

voltage induccd iui the nth Adcock antenna.
differential antenna voltage, east-west antcnnas.
differential antenna voltage, north-sonth antennas.
x deflection on oscilloscope screen.

y deflection on oscilloscope screen.

oscilloscope deflection as a complex number.

indication error for aVatson-Watt system with two incom-
ing waves.

far-
ence at the center of a distributed system and time phase
di1fference 9, at the center of a unit system.

he

(g

absolute maximum of v for any position on a circie of
unit system.

polar angle between a unit system and a direction of
arrival of a signal.

sizing factor for oscilloscope trace. Includes electiric
field strength at antennas, complex amplifier gain, etc.

2n

equal to 2= .

A

bearing nth signal measured clockwise from north.
wavelength of the radio frequency signal.
radius of circular WADONAS




IV WATSON-WATT &DF UNDER SIGNAL CONDITIONS
A. Effect of Fieid Caused by One Signal

Figure 1 depicts the geometry 1nvaolved in this
Assume a wave propagating in the -y’ direction and given by
£ = E, sin {wt+Ky'). (1)

Assume that the Adcock ant<nne masts placed at points 1, 2, 3, =2nd 4are
electricsally identical and so have equal pickup factors. Assume that
the maximum value of the field strength, E;, is the same at all these

points and is equal to that at point 0. Then, one can write

dinosvneosnan
UAOL UL s rsa e

e, = ey sin (wt+r K cos a) (2)
e, = eg sin (wt-r K cos a) {3

ey = eo sin [wt*r K cos (g-—a)]

e, = eg sin [wt-r K cos (% ~e)] (5)

where eo sin wt is the voltage which would be present at an antenna at
point (¢, the center of the array. Let the antennas be differentially
connecied to produce

e, = ey-e, (6)
and
r e, = es-e,. (D

Then '

e, = €¢ sin(wt* r K cos ) -e, sin(wt- r K cos a)

= 2e, sin(r K cos #) cos wt (8)

and similarly,

ey = 2e, sin Ir K cos(% -al] cos wt

= 2e, sin (r K sin a) cos wt. (9)
Since o
n
sin(r K coe a) = 2 n§0 (-1) J2n+1(rK) cos(2n+l)a (10)
where ) m 2 s
- ArK) (- _(K)~ (rK) )
InlrK) = Cm 2(emd) | 2422V (zmeay 00 D)

For (rK) small with respect to a wavei.ngth one can approximate

sin{rK cos a) = rK cos « (12)
and by the same license N

sin(rK sin a) < ¢K sin «. (i3)
It 1= then nearly true that

¢y = 2e5 rK cos @ cos wt (14)

vy = 2eo X sin a cos wt. (15)

If e, and ey are amplified and applied to the x and y plates,

respectively, of an oscilloscope, the deflection of the beam from the
center is given by

dy = K, eo rk cos a cos wt (16)
dy = Ky eo rK sin a cos wt.

A=
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Complex notation sffords a convenieni way to express the above. If a
one-to-one correspondence between points on the oscilloscope face and

points in the complex Z plane be set up, one has, aliowing d,

dy =Y

Z =X +jY = K.eorK cos @ cos wi* jK,eorK sin & cos wt.

Adjust K, = K, so that

Y

=d = A,

X max y max

d

Then
Z = A (cos a + j sin a) cos wt

- A I
cos wt.

= A and

—~
o~
co
~-

{19)

(20)

It 1s clearly seen that the osciilvuscope trace is rcpresented in the Z
plane by a straight line lnClAucu at an anglv o frem the pesative X axis,
The system, therefore, indicaies the direction from whence the signai
came, The inclusion of frequency conversion in the amplifier is useful
to change the value of w without affecting any other feature of tae

scheme.

-

B. Effect of Field Produced by Two Signals

Tn Fig. 2 is shown the Adcock antenna system in the presence
of two waves arriving from arbiirary directions. Wave 1 is given by

E, = E, sin {wt+ky’)
and Wave 2 by
E: = h E sin (wt+ky'+2).

(21)
(22)

Suppose that E, is the 51gnal who«e bearing is desired and F, is an

int=vfering signal such that 0 £ h £ 1.

As the electric fields linearly superpose themselves, the

diflerential antenna voltades become

e, = 2eorK cos @ cos wt*+ 2h eorK cos(a+B)cos(wt+p)

ey * 2eorK 2in o cos wt+ 2h eorK sin(a+f)cos(wtt+e)

Again let the signals be amplified and dy o«

(23)
{24)

be adjusted

equal t.q.dy max+ The position of the beam of the oscilicscope is then

described by
Z =X +3Y

ja
ALe?? cos with € cos(wt+o)].

Consider now tne simpiest case, that is, when ¢ =

(25) becomes ; L j(a+8

a
Z = A(é’J + ) cos wt.

A {cos a cos wt+h cos(c*+B) cos{wt+9) +jlsin o coswt+h sin(a+p)
j(a+B8) cos(wt+@)}}

The trace is again a straight line but it is inclined at an angle

differing from the desired °ng1~ 2 by an error angle 8,, as
Fig. 3. Also from Fig. 3, it is seen that

tan © = __hsin B _

&
< 1l + h cos B

b

(25)
0. Then
(262
shown 1n
(27
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In the general case where h, ¢, and B do not vanish, the trace
described by equatior (25) is that of an ellipse. The proof of this is
given in Apperdix A,

In order to permit easy interprecation of eguation (25), 1t
can be rearranged as follows:

o @s8)
Z = A [GJ cos wt+h GJ( B)

cos(wt+o)]
ey 16 —rt P . o L
= % [GJ—(e“"t+ € Jut) + h EJ\“+B)(€J(@t*Q/+ g J(wt+w))]
' \ 2 P . B . .
= % [(EJG+ h 6J(d+g+®)) GJHO+ (63a+ h EJ(a+ﬁ—q))) . Jwt]
= % Y 1'+h EJ(B+W)) 9 L (1+h EJ(B-Q)) <9
= Z1 ert . Z, E—Jwt 28)
where . -
Z, = % GJ {1+h t‘" Q)
Z2 = 6Ja (1+h EJ(B"’Q)).

The locus of Z can now be determined in terms of vectors Z,
and Z,, each of which are dependent on h, B, and 9, and which rotate in
opposite directions at the same constant rate. Figures 4, 5, and 6 show
the construction of the Z locus for the case of ¢ = 0. In tlis case, of
course, Z, = Z, and the locus of Z is a straight line.

This method of construction to obtain the & locus is now
applied to the case where @ # 0. In this, the general case, the shape
is not easily visualized from equation (25) but is readily interpretced
by vweine (28), Figure 7 shows that the effect of ¢ # 0 on Z, and Z, is
to make Z,7 Z, in which case the locus of Z becomes elliptic as shown in
Fig. 8. The indicated direction of arrival is read as the inclination
of the major axis of the ellipse. This indicated bearing 18 seen to
differ from the true bearing « hy the error angle 6.. The derivation of

this error angie 1s presented in Appendix B,

Figureas ¢ and 10 1llustzate the indication resulting from two
signals of equal magnitude armiving at angles 25° apart with = time
phase difference between the two of 180°. It is sees to be a straight
line at right angles to the bisector of the ungle betwzen the signals.
This is a “worst case’ drawn to i1llustrate the runious effect of certain
ranges of @ on the 1indicator accuracy.

C. The Envelope of the Loci of Z.

1t has been shewn in the foregoing discussion that for each
combination of the parameters a, B, ¢, and k, the Z locus is an ellipse
or a straight line (degenerate ellipse). Referring to Fig. 1l and
considering cquation (25)

. o ]
‘Z = A [eJ cos wtth €J( B)cos(wt*cp)J {

N
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ble to determine the possihle -2lues of Z 1n order to estab
ape of the envelope. At a time when wt = §, ¢ - n/2. The

a - - . .
e’ cos wt, positions the oscilloscope beam at the point A

c(a+

arid the second term, €J(a B) cos (wt+p) hes nc effect. Let 9 vary
toward zero. The variation of the second term moves Z over to point B.
Now let wh increase positiveély and @ vary toward negative values so that
Jl(a+B) s . : . -

€ cos {Wt+P) mB1niains 1¢s maximum positive value. then Z trav
erses the line BC. At C, wt = n 2nd ¢ = -7, By letting ¢ vary towarnd
zero and holding wt constant, Z traverses the line CE. At E, wt = n and
J(aB)

1
h

first term,

@ = . Let wt increase positivelv and ¢ vary so that cns (wt+o)
rc EF. At

maintains its maximum negative value, then Z traverses the line
F, wt = 2 and ¢ = n. Let ¢ vary toward zero, holding wt constant. At
wt = 2%, ¢ - n/2 and Z is again at A, Thie parallelogram shaped path
represents the maximum values thst Z can have. The parallel sides EF
and CB lie at an angle & equal to the angle of arrival of Wave 1. while
the parallel sides “C and FB lie at an angle a+B which is the angle of
arrival of Wave 2. The ratio of length of the shorter to the longer
side 1s equal to h. For any f{ixed value of the parameters, 2 B, ¢ and
h, Z varies only as a function of wt and described an elliptic path
lying within and tangent at its extremes to the parallelogram shown.

In Appendix C is presented an extemsion =f thc abcve argument
to cases in which more than one interfering signal is present.

= r— o o a1
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V. WIDE APERTURE D(STRIBUTION OF NARROW APERTURE
WATSON-WATT SYSTEMS

In section IV 1t was shown that the enveiope of the eiliptical
osc1lloscop1c patterns for a single Watson Watt system with two 1ncom1ng
signais present is a parallelogram (when all parameters except the time
phase between the two signals remain constant and this time phase
parameter varies over &ll possible values.) The sides of the parallelo
gram are parsllei to the directions of arrival of the two incoming
signals and the lengths of the gides are proportional tc¢ the strengths
of the two incoming signais. Thus, the directions of arrival can be
completely resolved if the time phase parameter can be made to vary.

One Dromisiug technique for obtaining variations in the time
phase paremeter 1s to distribuie a number of identical Watson Watt
systems cver a region in the interference field which is reasonabiy
large in terms of wavelengths. In a well desiginecd distribution, the
time phase difference between the two signals would then vary apprecia-
bly from system to system, as shown in Appendix C  and these time phase
differences should be reascnable evenly space from 0° to 180°. Conse
quently, the eilipses indicating the bearing for cach system should
represent sufficiently divergent inclinatiors of all possible ellipses
resulting from all possible time phase differences. These ellipses
could then be optically superimposed, either on the face of a multi beam
oscilloscope tube or on an optical screen, using separate oscilloscope
tubes and mirror reflecter techniques toc give the super p051*1"1,
Figure 12 gives a schematic diagram of such a scheme. If the systems
{including the superposition scheme) have all been adjusted to give
identical cperation, then the enve;ope resulting from the ellipses of
the distributed sysiems wisi be CAut.\.Ay thc same caralle‘cgr'—m ag for a
single system with a varying time phase parameter. Furthermore the
envelope 1s determined instantenecusly, assuming that there are enough
ellipses sufficiently dispersed over the possible positions.

Thie technique for resclving the direction of arrival of two
interfering signals can be extended to three or more interfering signals.
It 1s shown 1n Appendlx C that for three 1ncomxng signals the envelope
of the ellipses 1s a six.sided polvgon with obposite sides parallel and

equal to each cther. The pairs of paralle! sides are parallel respec
tively, to the directions of arrival. of the signals they represent &nd
have lengths proportional to the relative magnitude of these signais.
Thus, it 1s seen that the six sided paraiielogram completely resolves
the three signals exactly as does the quadriiaterai paraiieiogram for
two signals. The theory can be extended to n incoming signals repre.
sented by a polygonal envelope with 2n sides.

For the case of two signals it is possible ic determine by eye
the approximate tangents to the family of ellipses, however, for greater
accuracy an electronic parallelsgram-cursor is described which would mot
only trace the actual envelope but also permit it to ke adjustsd tangent
to the ellipses for two incoming signals. Plate (1) contains photo
graphs illustrating the seven ellipses that result from a particulsr
(typical) condition of two interfering signals at each of a series of
seven Waison Watt direction finders evenly spaced abouc the periphery of
a circle § wavelengths in dismeter. The relative magnitude between the
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two signals is unity, the bearings of the signals are 45° and 35°, and
the time phase difference between the signals at the center of the
composite system is 37.%5°. Photo 1 illustrates the seven equally spaced
systems. Photc 4 i1llustrates how the ellipses corresponding to each
system would appear before super-position.. Note that at some locations
it the interference field, such ss at the location of the systems 1, 2.
and 3 time phase difference is nearly 180°. The electromagnetic field
18 nearly canceled, and the antenra pickup and megnitude of beari=zg
indication are extremely small. Even if the indicated bearing (major
axis of the ellipse) can be determined, it is apt to be badly in error.
There is no means of insuring that such a situation cannot occur under
normal sky-wave propagation conditions 1f only one Watson-Watt system
is utilized.

Photo 5 illustrates haw these sam®s ellipses would appear if
superimposed, and Photo € showa whe papablelogram envelope drawn tangent
to the ellipses by the electronic cursor. Rote that the sides of the
parallelogram are at angles 45° and 35°, Photo 2 shows that in the case
of only one signal (arriving at 35°), the ellipses of all seven systems
become strzight lipes pointing in the direction of arrival of this
signal. Photc 3 shows the cage of only the other signal arriving at 45°.

if 1t is equally probable that a signal arrive from any
direction, then a circular distribution of symmetrically disposed unit
systems would probably give the best average operation. If, however,
the majority of the signals were expected to arrive frowm a parcicular
sector, then som? other distribution such as a linear or semicircular
distribution would give optimum performance; i.e., i1t would assure a
maximwn number of ellipses of widely varied inclinations for the number
of unit systems employed.

" From the photo ii appears that, in the case of two arriving
signals at least. the ellipses from seven systems equally distributed
about a circular periphery are adequate to determine the parallelogram
shaped envelope. SectionVII] contains & set of photos illustrating
these superimposed ellipses with and without parallelogram shaped
envelopes, generated electronically, for what is felt to be typical
values of the various parameters. All photos rerresent sever svetems
evenly spaced on circles renging from cne to tz2n wavelengths in diameter.
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VI. SIMULATION OF WADONAS OF WATSON-WATTS WIiTH TBE
RDF ANALYZER AND EIGHT-BEAM OSCILLOSCOPE

Fourteen channels (see Fig. 13) of the RDF analyzer were used

to secure the x and y oacilloscope plate defjection valtages nezded for

saven beama of the eight beem cscilloscope. Each (loszsnt zupplied the
difference voltege corresponding to thac wiaich a differentially connect-
ed Adcuch antenna pair would produce (see Fig. 14).: The eighth beam of
the oscilloscepe was connected to am electronic cursor, which produces a
paralieiogram whose sides eps adjusteble both in lengih and inclination.
In use, the cursor narallelogram is superposed upon the collection of
seven ellipsea given.by the system &aix} its size and shape is adjusted so
that the ellipses are enclposed within snd tangent to it. The angles of
arrival and relative magnitudes of the two signals present are then
easily resolved either irom the cursor dials or from the oscilloscope
scale. A schematic cof the cursor circuit is given in Fig. 15. From it
one sees that

e, = E cos a sin wt+ h E cos(a+B)sin(w+Aw)t (29)

ey = E sin ¢ sin wt+ h E sin(a¢+p)sin(w+du)t (30)

where @ and a+3 are the rotation angles of synchrcs No. 1 and No. 2,
respectively, from their reference axes. Aw is a small deviavion from

w. e, and ey from the cursor are supplied to the amplifier of beam 8 of

the oscilloscope. Adjustment of the potentiometers and the synchros
allows the parallelogram to be adjusted so that it will fit over the
ellipses.

The phase differences of the arrays simulated were calculated
for the different cases presented and set up on the 14 channels of the
analyzer used for ellipse presentation,
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VI 1.CATHODE -RAY INDICATOR PHOTOGRAPHS FOR
A SIMULATED WADONAS

Plate T illustrates the make-up of a WADONAS indicator and is
described in Section V.

Plates II tnrough V consist of Learing indicaticns with the
sowe range of time phase values, ¢, for two signals havinga relative
magnitude of unity and a separation of 5°. Since each plate is for a
different aperture, this series shows the variation in indications as
a function of 0), the system aperture.

The series of Plates VI through VIII, IY through XI, and XII
through XIV consist of photos for a system of D = SA '(considered a
useful mcdium aperture).

Plates VI through VIII show indications for the same range of
values for h = £.3, 0.7, and 1. The two arriving signzls are Separated
by 5°.

Plates XX through XI are similar to Plates VI through VIiII,
but, the two arriving signals are separated by 10°.

Djates XII :through XIV are similar to plates VI through VIII,
but the two arriving signals are separated by 25°.

Plate XV shows the same set of conditions used in Plates II
through V but in this case the relative time phase, ¢, is made to vary
continously through all possible values. Each photo is for a different
aperture, as lab:led.

Plate XVI shows the use of an electronic cursor as an aid in
the resolution of the parallelogram-shaped envelope produced by two
arpiving signals.: The cursor is of greatest use when the number of unit
systems employed is small.

Plate XVII is a photogragh of the RDF analyzer, together with
the eight-beam oacilloscope used in the WACONAS simulation.

Figure 16 is a diagrammatic sketch based on Plate XVII
designating the components of the anzlyzer.
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VIIT. DISCUSSLON OF PHOTCGRAPHS AND
BEARING READING TECHWIQUES

An examination of the photographs of Section VII shows that,
in general, the parallelogram shaped envelope and, hence, the Learings
of both arriving signals, can be fairly accurately determined. The
technique: of constructing an actusl envelope with the aid of the elec-
tronic parallelogram cur=zor described in Appendix K is seen to be of
considerable value in Impraving the accuracy of the determination.

Under favorable corditions, the parallelogram shaped envelope
is seen to give iar more bearing i1nformation than a ‘diveysity’ reading
technique where the bearing is read from the longest ellipse correspond-
ing to the strongest signal.. However, if more than two incoming signals
are present, the parallelogram-shaped envelope becomes a polygonal
envelope with a number of parallel sides equal to twice the numher of
incoming signals. Each pair of sides is parallel to the direction of
arrival of the particular incoming signal it represents and is of a
length proportiocnal to the strength of this signal. With only a re-
stricted number of ellipses (for example, less than eight) 6 1t would be
difficult or impossible to resolve the polygonal cnvelope for a large
number of incoming signals ({for example, more than four). Excessive
noise or heavy modulation would complicate the probiem still more. For
such cases 1t might be advisable to split the polygon (or pattern)
along its major disgonal and estimate the best bearing by eye if the
direction of the longest side canpot be resolved. This would give abeut
the same resvlts as a diversity technique, either taking the bearing
from the largest ellipse or by splitting the bearing between twce large
ellipses of equal size. With any of these techniques the guaranteed
maximum bearing error for the WADONAS is far less than chat for a single
system.

Another special case needing consideration is that for two
incoming #i1gnals of equal or nearly equal strength. Such cases would be
almost certain to occur only when the anguliar separaticn is small (less
than 20°) as they woald result from split path (multipath) 1onospheric
transmission conditions. These conditions are the omes resulting in the
Worat €rzors - approaching 90° - for a single system. It can be seen
from the photos that the bearing error for the WADONAS is not likely to
exceed the angular separation. These is, however some question as to
which of any two equally large siynals is the true bearing. Probably
the best statistical approximation to the true hLearing with onrly rela
tive magnitude information available would be obtained by taking the
angle half way between the arrivai directions of two signals of cqual
strength.. Hence. the best reading technigue for the WADONAS would be to
take the major diagonal of the parallelogram-shaped envelope.

Stmitarly, in the case of incoming signals having large
relacive magnitude (0.5 to (.9), where the angular separation is small,
(and split path transmission is indicated), the best bearing might be in
between the bearings of the stronger and weaker signals but closer to
the stronger signal bearing than the weaker. Aguin such an intermrdiate
bearing with exactly these characteristics is given by the major diag.
nal of the parallelogram. For intermediate values of relative mapni.
tudes (0.3 to 0.7), with split path transmission, whether or not the
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longer side or the diagonal would give the best hearing cannot be
answered with present day statistical informaticr on propagation con-
ditions. Other information, such as the relative time of arrival of the
srgrais, might be more pertinent than relative magnitude considerations.
If the angular separation is large and/or back-scatter or site reradia.
tivrn 18 1ndicated, then the longer side of the parallelogram would
definitely give the best bearing.
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1X. GPTIMUM APERTURFS ARND WIDE-BAND OPERATION

The phovographs of Section VII give an iadication of the
minimum and maximum apertures which zeezm advisable to use, and, hence,
give an indication of the range of possible operating fraquencies for a
WADONAS. Plate IT clearly shows that for small anguler separations
{Ad = 3°) and the time phase @ = 180°, a system of 1 A diameter 1s not
large enough to give a large ellipse or an adequate bearing. Even two
wavelengths diameter (Plate I1I, ¢ = 180°) is not too satisfactory,
although it is a considerable impravement over ane wavelength, and a
tremendous improvemeni over a single sysiem with 8 = 5% and o = 180°.
Thes, it is seen that the lower limit for system diameter is determined
by the necessiiy cf producing ellipses with ¢, as far removed from the o

at the center as possible. As in nearly all wide-aperture systems, the
required aperture will be a function of the angular separation  increas-
ing as the angular separation decreases. More particularly, in order tn

produce a range of 9,'s deviating at most by w_ .. from the central o,

it is required that the diameter of the system (D) be at least:

wave lengths. (30)

This value is obtained as shown in the following discussion.
It 1s shown in Appendix D that

P, = 9 - Rcos['; + Rcos I, (31

where R is the electrical radius in degrees. The time phase difference
deviation from the center time phase difference, ¢, will be called w.

¥ =R {cos ", — cos T,). (32)
From Figure D1
U.o=T, +B {(33)
so that substituting equation (33) into (32) gives
w = R [cos ', - cos (I', + B)]. (34)

Differentiate with respect tc I'; and set the derivative equal to zaro to

determine the maximum variation of v, Ynax® This gives
O - R [sin (I, + B) - sin I',] (35)
ar,
from which
sin (I"; + B) = sin T, . (36)

Solutions of this equation are

r, = o_@__ o_@
2 = 90 5 270 5

which represent the maxima; the minima are not significant, as the

quantity of interest i1s the absolute range of phase differcice variation

either positive or negative. The maximum variation in the time phase
difference will be found at a unit system position such that a lire
joining the unit system to the composite systex center is perpendicular
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te the bisector of the angle betwesn the signals; t.e., r, = 90° - g.

¥Yhen ', = 90° - g then, this maximum phese difference deviation ¥ o, 18
¥rpay - B leos Tz - cos ([ + 8)]

R [cas (90° - g) —ncs (9G° + g)]
& 2

1]

= 28 sin 8. (37)
Se that
D= 2R = Ymax_ ;. degrees
sin
- Ymax in wavelengths. (30)
360 sin & :

Z
Thus, for an angular separatiocn of B = 5°, a diemeter of
about 1.9 wavelengths is required for w¥p,, = 30°. For B = 1° a diame

ter of 9.4 wavelengths 13 required for the same value of L

Although a very small valuec of Ynax Would theoretically
nroduce at least two ellipses adequate to determine the parallelogram
envelope, examination of Plate III shows that it is sometimes difficult
to determine the envelope with Wisin less than 30° (D = 2X for B - §5°).
For ¢ o = 15° (D = 0.95A for 8 = 5°) it becomes difficult even to form
a general concept of the coriect bearing if ¢ = 180°.

for excessively large apertures, a similar limit is 1imposed.
"hen the aperture becomes large, the possibilities for the ¢ variations
being nearly equal or differing bty muitiples of 360° are greatly in-
creased. This tendency is roughly illustrated by Plete IV. ¢ = 0° where
D = 5\, and all of the ellipses except one are nea-ly cocincident.. At
S and i0A no condition3 of exact colincidence were located as the photos
show. If all were nezijy equal end 9 = 180°, then small ellipses and
bad errcrs could result exactiy as for the naryow-aperture systems. In
the widec-aperture case  however, these effects would be more apt to
occur with wide angles of separation where large relative magnitudes
would not be as prevalent. ,

Thus, the lower limits on the system aperture would be ex-
pected to be more critical than the upper limits and it would be
advisable to keep the diameter above, at least, 2A extending it to as
much as 20A. 1f necessary.

A 20 to 2 wavelength range would mean that the system could he
operated over a 10 to 1. frequency range (say 2 to 20 megacycles). This
indicates ihat the useful bandwidth of the WADONAS is at least as good
as that of the small aperture units currently available with which it
would be constructed.

-
Anothor way of arriving at thls conciutlien results from an exaningtion ~f the nre je eénce
fiald (Refarence 1) 43
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X. CONCLUSIGRNS

IV

It 32 concluded that seven Watson-Wati RDF anits circularly
distributed and connected s as to have optically superimposed bearing
indications can form a system capable of completely resolving the
directions of errival of two signals under a majority of conditiocns.
The distributed syatem is as nearly instantancous as the units ferming
it. Under any conditions, the system is superior to diversity type oi
1nterconnecticns or a singie Watson-Watt unit, especially in the case of
flask transmissions. It 1s estimated that a 5N\ aperture is roughly
optimum, but theat satisfactory operation aover 2 range of 2 to 20X 1is
possibile. It is further demonstrated that a system composed of a
sufficient number of unit systems 1s theoretically capablc of yicliding
the dirsciions of arrival and relative magnitudes of any number oi
incoming ¢ignals., Finally it is to bes ncted that this sysiem is equally
cepable of handling modulated signals inasmuch as the Watzon-Watt units
of which i1t is composed do not break down unier conditions of modulatec

signal reception.
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APPENDIX A
PROOF OF THE ELLIPTIC Z LOCUS

Equation (25) givee the locus of Z.

Z - A 19%0s werhe? ¥ costaire)l. (25)
Transforming this equation gives
Z = A{(cos 4+j sin a)cos wt+hlcos{a+B)+j zin(a+B)]cos(wt+9)}
= A{l[cos @ cos wt+h cos(a+B)cos(wt+p)}+jlsin & coz wt
+h sin(a+f)cos(wt+o)} }.
(Al)

The X and Y coordinates of ﬁ are given as parametric functiors of wt:

X = cos & com wt + L cos(a+8) cos(wt+op) (A2)
Y = 8in a cos wt + h sin(=+B) cos(wt+o). {A3)

Let this be rearranged as follows

X = [cos a+h cos{&+B)cos @)cos wt~h cos(2+B)sin® sinwt (A4)
Y = [sin a+h sin(e+B)cos ®lcos wt-h sin(e+B)sin® sinwt. (A5)
This is of the form
X = ks cos wt - k, 8in wt (A6)
Y = ke cos wt — k, sin wt. (AT)
Solving fer sin wt, cos wt
k, X iX—kg | .
sinwt= sl = ThoXtk,Y (A8) coswt = b —k'h+k?Y.- . (A9)
: |ers ~kiketkaks ' lk, - ks' Kk kotkaoksg
Ike-k ka—ke

Since sin~ @t + coe® wr = 1
l'}(‘x*kgx 2 —k3x+k1Y 2 _

\ )"+
—ki ketkao kg -kikatkaks

Ekpandino nnﬁ -earranging yields
Phke™)? X2+ (~2kok -2k ko) XY +({k:2+k, 2) 2 Y- {~k. k,+koks)?= 0.
(A11)

i. (A1Q)

This ot che form
AX®+ BXY + CY*+ DX + EY + F = 0 {A12)
n 1

which is the standard equation of the general conic section. In this
case D = E = 0. The equation represents an ellipse if 3" -4AC < 0. Set

B - 4AC = R. (A13)
Then
R = (—Zk k‘ 2' 5\9 4(kA +ks )(l\g "'kl ) (/\14)
% = 2kikoksks - ky 6‘&2 - k9 ks (Al5)
- % = k, k4 ~ 2kikokoks + :2!‘-:2 (Al6)
t :];‘ /-R = kike = kokg (A1l7)

Since k;, k2, ks, and k, are each entirely real, v-R must be real, so
that R must be negative, Thus, the equation (25) a2lweys represents
an eilipse -46-
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AFPEND
INCLINATICGN O THE

PSE AND ERBGD ANGLE

From analytie geqmetry, it is known that the incliration of
the ellipse 18 given by € where

tan 20 = K%E . (B1)

From Appendix A:
2k ok 42k ks

2

ko +ks® -ky® —k,*
Inserting the values for the k's

[cos a* h cos(a+f)cos 9) [sin a+ h sin(a+B)cos 9]
+[h c?s(§+8) sin 9] [h ginga+8) sin @)

[cos a*‘ﬂ.cos(a+3)cos o] +[h cos(a+B) sin 9] ?
-{sin @+ h sin(e+B)cos @)° -[h:sin(a+B) sin ¢1°

tan 20 - . {B2)

tan 26

9 [cos @ sin ¢+ h cos(®+B) cos @ sin @
+h sin(a+B) coca @ cos aﬁ-hf cos{a+B) sin(a+B8)]

2 2 2

cos &' 2h cos i cos ¢ cos(a+B) + h'cos (c+B)
. 2 a 5 . 2,

- sin® ¢~ 2h sin & sin(a3+B) cos ¢- h®sin®{a+B)

sin 2a+ 2h coa @ sin{20+B) + h® sin 2(a+B)

(B3)

Hence, the angle of inciinaticn of the major axis of the ellipse with
respect to the X axis is given by

6 = 1 tan™' 812 2042h 03, @ gin(2028) x h S sin 2(a+B) | gy
< cos 2a+2h cos @ cos(2a+fB) + h? cos 2(a+B)

To find the error angle Q. whick is the angle between the major axis

3
cos 2a+ 2h cos ¢ cos(Za+B) + h¥ cos 2(z:B)

of the eliipse and the direction of arrival of Wave 1, it is merely
necessary to set @ = 0 in the above expreszicon. This yields

6 = 1 tant 2hsin B cos 0 + h* sin 28 (BS)
2 i1+ 2hcos B cos®P+hcos 23

In Fig. 3 1s shown the construction for 6, when o = 0. This
Zives e
van 6, = 2 2B £ B6
e 1 + hcos B (B6)
To show that this is equivalent to the expression just derived for 6, at
@ = 0, rearrange eguation (B5) and set ¢ = 0, then

tan 26, = —2h sin £ ¢ h’sin 28 (B7)
1 + 2h cos B + h®cos 2B

AT
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Now:

2 tan O
tan 28, = __.__i_;_s;., (B8)
- tan ee
Ubf“;;
: L e )
tapg Q. = 4L 810 (BS)
& 1 +hcos$B
then
2 . 2
tan? 0, = h® sin B (B9)

’~ -~ 2
{1 + h cos pj

1~canfeé=1— hf §jn? B8 _ = (1*h cou;ﬁ)z-hesine B . 1*2h cos B+h2c032§_

(1+h cos B)? (1+h cos 8)2 (1+h cos B)?
(R10)
and .
A 5 2h sin 8 _
tan 20, = =20 Ze . 1+h cos B - 2h sin B(1*h cos B)

1-tan’6,  1:2h cos 8+h®sin 28 1+2h cos B+h* sin 28

(1+h cos B)®
2h sin B+h’sin 28 (B11)
1+2h cos B+h’sin 2§

and the equivalence 1s shown.

-48 -
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AFPENDIX C
DEVELOPMENT Z LOCUS FOR THREE SIGNALS

In Sacvion IW, eguation (25xtor the Z trace of the Watson-Watt
systes for the case of one rnterfering wave ie derived.. As the electric
fizlds due to any number of syriving waves linearly superimpose them-
selves at the antennas, the aon%ributian af the field caused by each
wave to an antenne differential voltage is of the form

x = 2h, eorK cos(a+B,)coz(uwt+o,) (C1)

where h,, B., ¢,, are the relative magnitudes, deviations 1n arrival

e

directions, and relative time phassa, respectiveiy, of the nth wave, all
measured with respect to Wave 1. The trece of the oscilloscope beam due
to n arriving waves is given by

3 + 3 a+
Z - A[eJacos mt+hch(a Bl)cos(mt*‘v;)+ hsz( Bz)cos(wt*W2)
o J(avBy) (
+ -o. +h e cos(wt*wn)] (C2)
or
. n A =]
2 -8 By Peonturre, ) ©)

where hy = 1.

The indication resulting from the WADONAS due to more than ocne
interfering signal is readily visualized. The envelope of the Z loci is
a pulygon having a pair of sides corresponding to each signal present,
the lengths and the inclination of the pair of sides E=ing proportional
to the reletive magnitude and direction of arrival of that particular
sagnal.

An argument idenrical to that given earlier for the case of
two wzves chows that: for three waves, one has

J(a+By) j {a+B2)

o= A[GJaccs wt+h, € cos(wt+¢;)+h9€J cos(wr+m. )] (C4)

and the envelope of the loci is a six-sided figure, shown in Fig. Cl for
the h’s and B’s listed. Wave |, is considered to be the desired wave and
the other two might be duve to extri-length path trensmission. As in the
case ¢f two signals, one ;s again able to separate the components of the
field strength both in magnitude and direction provided there is a
distribution of narrow-aperture avstems such as te produce a satisfac-
tory distribution of relative time phase values.

Figure C2 is a photograph of the cnvelspe of the Z loci for
three signals, The photogranh wax ahtained on the antenna simulator for
the particular case where wavc 1 arrives from a bearing of +23° azimuth.
Wave 2 bears 15° counter ~loakwise from wave 1 and has a relative
amplitude of 0.9.- Wave 3 bears 30° clockwise from wave 1 and has a
relative amplitude of 0.7. The time phases of waves 2 and 2 relative to
wave 1 are varying. [t is seen that the actual photograph bears out the
three -signal theory stated above.

The shape of the envelope of “ie Z loci for more than three
signals present follows by induction from the foregoing.:
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APPENDIX D
DEVELOPMENT OF o,

The explanation fsr the time phase difference between ihe
desired and undesired signals varying from system to system when the
systems are widelv separaved can be seen from an examination of the
interference {ield as pictured in Plate 1 of Technical Report 4. To
obtain a- more exact picture for the case of two systems at random
Lopation with resps.t tn two ipcaning sigasls, exeuine Fig. D1. Let the
two systems: be on the periphary of ® circle of rédiua R in electrical
degrees. (correspaond ;ng to 9’ perticular wavelength for the incoming
signais). Let she time phase defference between the signals at the
center of thie circle be 9, ard ist @ and 9 be the time phase differ.-
ance hetwean the desired and undesired signala at the center of unit
systems (Watson-Watts) 1 .and 2, respectively. Now let the field at the
canter of the circle due to the desired sigral be

E, cos wt (D1)
and the field at the center of the circie due to rhe undesired signal be
E, cos (wt+o) (D2)

Ti:en, the field at the center of system 1, resulting from the desired

signal is .

Ey, cos (wt—R cos ;) (D3)

and the field at the centzr of system 1 resulting from the undesired
is

h E; cos(ut+o-hcos Ty} (D4)

Eence, @,, can be expressed as
¢; = (@ cos I'2+R cos T',). (D5)

Similarly, the field. at the center of system 2 rzsulting from
the desired signal is

F., cos(et- R cos I',) (D6 )
and from the undesired signal iz
h E; cos(ut+e- R cos I's). (D7)
Herce, ¢., can be expressed as
92 = (&- B ces I'y* R cos I,); (D8)

and since I'y, I';, 'y, and 'y are generaliy independent for randon
locations of systems 1 and 2, @ 18 generally different from ¢,.

-52.
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